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We investigate the chiral symmetry and its spontaneous breaking at finite temperature and in an
external magnetic field with four-fermion interactions of different channels. Quantum and thermal
fluctuations are included within the functional renormalization group approach, and properties of
the set of flow equations for different couplings, such as its fixed points, are discussed. It is found that
external parameters, e.g. the temperature and the external magnetic field and so on, do not change
the structure of the renormalization group flows for the couplings. The flow strength is found to be
significantly dependent on the route and direction in the plane of couplings of different channels.
Therefore, the critical temperature for the chiral phase transition shows a pronounced dependence
on the direction as well. Given fixed initial ultraviolet couplings, the critical temperature increases
with the increasing magnetic field, viz., the magnetic catalysis is observed with initial couplings
fixed.
PACS numbers: 11.30.Rd, 05.10.Cc, 11.10.Wx, 12.38.Mh
I. INTRODUCTION
Recent studies on QCD and strongly interacting mat-
ter in extremely strong external magnetic fields have
attracted lots of attentions, which are motivated, on
one hand, by experimental observations of azimuthal
charged-particle correlations in heavy-ion collisions at the
Relativistic Heavy-Ion Collider (RHIC) and the LHC [1–
5]. This phenomenon can be interpreted, although still
being under discussion and recently challenged by rele-
vant measurements in p-Pb collisions by the CMS Col-
laboration at LHC [6], in the theoretical framework of
the chiral magnetic effect (CME) [7–9], whereof positive
electric charges are separated from negative ones along
the direction of the magnetic field produced in event-by-
event noncentral heavy-ion collisions, due to the imbal-
anced chirality caused by a possible local violation of the
parity symmetry. For more details about the CME and
its recent progress, see e.g. [10] and references therein.
On the other hand, how an extremely strong exter-
nal magnetic field affects the spontaneous chiral sym-
metry breaking and the QCD chiral phase transition,
catalyzing the symmetry breaking or inhibiting, is still
in debate. Unlike many effective models which predict
that, when the magnetic field strength B is enhanced,
the (pseudo)-critical temperature Tc for the chiral phase
transition or crossover increases as well [11–14], lattice
QCD simulations found that Tc decreases with increas-
ing B [15], which is because sea quarks coupled with the
magnetic field increase the Polyakov loop, thus reduce the
chiral condensate effectively [16]. In the same time, based
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on other approaches, such as the Dyson-Schwinger equa-
tions, the magnetic catalysis is found for asymptotically
large B, while for intermediate B, the inverse magnetic
catalysis is observed, due to gluon screening effects and
the strong coupling decreasing [17]. This phenomenon
is also called as the delayed magnetic catalysis, similarly
found in a functional renormalization group (FRG) cal-
culation as well [18], in which the running of the four-
fermion coupling is driven by not only the four-fermion
but also the quark-gluon interactions. Besides gluonic
effects as mentioned above (see e.g. [19, 20] for more
relevant discussions), the inverse catalysis can also be re-
produced by including e.g., neutral meson effects [21, 22],
quark antiscreening [23] or some other scenario [24, 25].
Fukushima and Pawlowski have investigated the chi-
ral symmetry breaking in an external magnetic field by
studying the running four-fermion couplings within the
FRG approach [26], see e.g. [27–41] for more details
about the FRG and its recent progresses in QCD. It is
clearly shown there that how the magnetic field changes
the pattern of the renormalization group (RG) flow for
the four-fermion coupling and how the dimensional re-
duction takes place, in comparison to case without B.
Note also that only four-fermion interactions of scalar
and pseudo-scalar channels, more specifically σ-pi chan-
nels, are included in analyses of [26]. Although scalar
and pseudo-scalar channels play the most important role
in the chiral symmetry breaking, they are not complete
in the Dirac space, and are significantly influenced by
other channels through quantum fluctuations, as we will
show in what follows. Furthermore, four-fermion in-
teractions with different channels are also indispensable
to the dynamical hadronization technique [28, 42, 43],
through which hadronic degrees of freedom emerge natu-
rally as collective modes of quark-gluon dynamics in the
low energy regime, and this technique has been success-
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2fully applied in recent rebosonized QCD computations
[32, 33]. In this work we will perform the RG anal-
yses for four-fermion interactions of different channels,
investigate their mutual impacts on each other through
quantum evolution, and study the influence on the chi-
ral symmetry breaking and chiral phase transition in an
external magnetic field.
The paper is organized as follows: In Sec. II we inves-
tigate the four-fermion interactions of different channels
within the FRG framework, and obtain a set of flow equa-
tions for the couplings. Then in Sec. III the structure of
the flow equations is analyzed in detail. Flow diagram
and relevant fixed points at vacuum are presented, and
for the cases of finite temperature and an external mag-
netic field, numerical results are provided. A summary
and conclusion can be found in Sec. IV.
II. RENORMALIZATION GROUP FLOWS FOR
THE FOUR-FERMION COUPLINGS
We employ the following scale-dependent effective
action for the two-flavor Nambu–Jona-Lasinio (NJL)
model:
Γk =
∫
x
{
Zq,kq¯γµ∂µq +
1
2
λ−,k
[
(q¯γµq)
2 − (q¯iγµγ5q)2
]
+
1
2
λ+,k
[
(q¯γµq)
2 + (q¯iγµγ5q)
2
]}
, (1)
with
∫
x
=
∫ 1/T
0
dx0
∫
d3x and the quark fields q, q¯. Zq,k
is the quark wave function renormalization; λ−,k and
λ+,k are the four-fermion couplings for the V − A and
V +A channels respectively, with V and A denoting vec-
tor and axial vector, where we have employed the nota-
tions in [44]. They are all scale-dependent with subscript
k. Obviously, the four-fermion interactions in Eq. (1)
are U(Nf )V × U(Nf )A symmetric with flavor number
Nf = 2, and we don’t take the U(1)A breaking into
account throughout this work. The V + A channel is
related to the scalar and pseudo-scalar ones through the
Fierz transformations, which yield
(q¯γµq)
2 + (q¯iγµγ5q)
2
=− 4
Nc
{[
(q¯ T 0q)2 − (q¯ T aγ5q)2
]
+
[
(q¯ T aq)2 − (q¯ T 0γ5q)2
]}
− 8
{[
(q¯ tαT 0q)2 − (q¯ tαT aγ5q)2
]
+
[
(q¯ tαT aq)2 − (q¯ tαT 0γ5q)2
]}
, (2)
with T 0 = 1√
2Nf
1Nf×Nf and the SU(Nf ) generators T
a
in flavor space, and the SU(Nc) generators t
α in color
one. Those in the first set of square brackets on the r.h.s
of Eq. (2) are the σ-pi channels, which are commonly
used in the NJL model. Note that, besides the σ-pi chan-
nels, contributions also come from scalar triplets and the
pseudo-scalar singlet, and even nontrivial colored chan-
nels with the SU(Nc) generators t
α. Similarly, the V −A
channel, upon the implementation of the transformation,
can be rewritten as
(q¯γµq)
2 − (q¯iγµγ5q)2
=
2
Nc
{[
(q¯ T 0γµq)
2 − (q¯ T aiγµγ5q)2
]
+
[
(q¯ T aγµq)
2 − (q¯ T 0iγµγ5q)2
]}
+ 4
{[
(q¯ tαT 0γµq)
2 − (q¯ tαT aiγµγ5q)2
]
+
[
(q¯ tαT aγµq)
2 − (q¯ tαT 0iγµγ5q)2
]}
. (3)
The V −A channel, however, is invariant under the Fierz
transformation, as only the Dirac structure is concerned.
Therefore, it is orthogonal to the (pseudo)-scalar chan-
nels, while the V + A channel is not. And since we are
interested in the chiral symmetry and its breaking, does
that mean the V − A channel is not important and can
be neglected? Obviously, it is not correct. We will show
in what follows that quantum fluctuations in the V − A
channel affect those in the V + A channel significantly,
and thus the chiral symmetry breaking as well.
As the renormalization group (RG) scale k in Eq. (1)
evolves from an ultraviolet (UV) cutoff scale k = Λ down
to the infrared k = 0, quantum fluctuations with wave-
length & 1/Λ are successively included in the effective
action, through the Wetterich equation [27] as follows
∂tΓk =
1
2
STr{∂tRk(Γ(2)k +Rk)−1}
=
1
2
STr{∂˜t ln(Γ(2)k +Rk)} , (4)
with t = ln(k/Λ), where we have adopted the formalism
in Ref.[42]; Γ
(2)
k +Rk, which is usually called as the fluc-
tuation matrix, includes a regulator Rk and the second
derivative of the effective action with respect to all fields,
i.e.,
(Γ
(2)
k )ij :=
−→
δ
δΦi
Γk
←−
δ
δΦj
, (5)
with the super field Φ = (q, q¯) for the NJL model. The
super trace in Eq. (4) runs over momenta, fields and all
other internal indices, and provides an additional minus
sign for the fermionic part. Since in our case we only have
fermionic quark fields, the minus sign is always there.
The partial differentiation ∂˜t with a tilde in Eq. (4) acts
only on the regulator.
3The fluctuation matrix can be rewritten as
Γ
(2)
k +Rk = P + F , (6)
where P is the matrix of inverse propagators with regu-
lators, and F is the leftover part which includes the field
dependence. Substituting Eq. (6) into (4) and expanding
ln(P + F) in order of F/P, one arrives at
∂tΓk =
1
2
STr{∂˜t ln(P + F)} = 1
2
STr∂˜t lnP
+
1
2
STr∂˜t
( 1
PF
)
− 1
4
STr∂˜t
( 1
PF
)2
+ · · · , (7)
from which we could obtain the flow equations for all the
coupling in the effective action at appropriate expanding
orders.
In this work we employ the 3d optimized regulator for
the quark, i.e.,
Rk(q) = Zq,ki~q · ~γ rF ( ~q
2
k2
) , with (8)
rF (x) = (
1√
x
− 1)Θ(1− x). (9)
Then through Eqs. (1) (5) (6) one has
1
P =
(
0 Sk(q)
−Sk(q)T 0
)
, (10)
with
Sk(q) =
1
Zq,ki
[
q0γ0 + (1 + rF )~q · ~γ
] , (11)
and
F =
(
F qqk F
qq¯
k
F q¯qk F
q¯q¯
k
)
, (12)
with
F qqk =− (λ+,k + λ−,k)(q¯γµ)T (q¯γµ)
− (λ+,k − λ−,k)(q¯iγµγ5)T (q¯iγµγ5) , (13)
F q¯q¯k =− (λ+,k + λ−,k)(γµq)(γµq)T
− (λ+,k − λ−,k)(iγµγ5q)(iγµγ5q)T , (14)
F q¯qk =(λ+,k + λ−,k)
[
γµ(q¯γµq) + γµqq¯γµ
]
+ (λ+,k − λ−,k)
[
(iγµγ5)(q¯iγµγ5q)
+ iγµγ5qq¯ iγµγ5
]
, (15)
F qq¯k =− (F q¯qk )T . (16)
So far, we have all the elements to construct the flow
equations for the four-fermion couplings. To begin, we
FIG. 1. Four different types of diagrams contributing to
the flows of the four-fermion couplings, where prefactors for
each diagram are not shown and the momentum dependence
has been neglected. Note that the four-fermion vertices in
these diagrams are denoted by two approaching lines, but not
crossed, with each side associated with a Dirac index, e.g., γµ
or iγµγ5. The crossed circles stand for the regulator insertion.
would like to mention that in this work the momentum
dependence of the four-fermion couplings are neglected
for simplicity, and the external momenta are assumed to
be vanishing. It is found in [26] that the momentum de-
pendence only has a minor quantitative effect. Inserting
the expression of F/P into Eq. (7) and only consider-
ing the second-order term, one finds that there are sev-
eral different classes of diagrams contributing to the flow
equations, which are shown in Fig. 1. It is quite apparent
that, among the four diagrams in Fig. 1, only diagram
(a) has a closed loop, which just corresponds to the usu-
ally called Hartree term, and is the leading-order term in
the expansion of 1/(NcNf ). In comparison to (a), there
is a small leak on the right vertex in diagram (b) [45],
and diagrams (c) and (d) have two leaks. Note that (c)
and (d) are different, since their two connected fermionic
lines are anti-parallel and parallel, respectively.
Inserting the regulator in Eq. (8) into the diagrams
in Fig. 1, one can perform straightforward calculations
for diagram (a). For others one needs additional Fierz
transformations twice to obtain expressions, which have
the same four-fermion interactions as Eq. (1). Then, the
flow equations for the four-fermion couplings are readily
obtained as
∂tλ+ = −
[
2(NcNf + 1)λ+λ− + 3λ2+
] l2(k, T, µ)
k
, (17)
∂tλ− = −
[
(NcNf − 1)λ2− +NcNfλ2+
] l2(k, T, µ)
k
. (18)
We have verified that these equations are similar with
those obtained in [44] for a fermionic model without color
degrees of freedom. The threshold function is given by
l2(k, T, µ) :=
2F2(k, T, µ)
Nf
2Nf
∫
d3q
(2pi)3
Θ(1− ~q
2
k2
) ,
(19)
4with
F2(k, T, µ) =1
4
[
1− nf (k, T, µ)− nf (k, T,−µ)
]
− k
4T
[
nf (k, T, µ) + nf (k, T,−µ)
− n2f (k, T, µ)− n2f (k, T,−µ)
]
, (20)
and the fermionic distribution function
nf (k, T, µ) =
1
e(k−µ)/T + 1
. (21)
To be proceeded, the flow equations can be easily ex-
tended to the case of a finite external magnetic field.
Assuming a spatially homogeneous, temporally indepen-
dent magnetic field B aligning along the z axis, due to
the quantization of the transverse momenta into Landau
levels, one has
~q2 = q2z + 2|qfeB|n , (22)
with the electric charge qfe. And the 3-momentum inte-
gral in Eq. (25) is modified to
2Nf
∫
d3q
(2pi)3
Θ(1− ~q
2
k2
)
−→ 1
2pi2
∑
f=u,d
|qfeB|
Nk,f∑
n=0
αn
√
k2 − 2|qfeB|n , (23)
with α0 = 1 for the lowest-order Landau level and
αn>0 = 2; Nk,f is given by
Nk,f = θg
(
k2
2|qfeB|
)
, (24)
with θg(n+ x) = n for 0 < x < 1 and integer n.
Therefore, if there is a finite magnetic field, flow equa-
tions in (17) and (18) are not changed, but with the
threshold function replaced with
l2(k, T, µ, eB) =
F2(k, T, µ)
pi2Nf
∑
f=u,d
|qfeB|
×
Nk,f∑
n=0
αn
√
k2 − 2|qfeB|n , (25)
III. NUMERICAL RESULTS
It is interesting to note that, from the flow equations
for the four-fermion couplings in Eqs. (17) (18), all the
external influences, such as the temperature, chemical
potential, and the magnetic field are implemented only
through the threshold function l2. Thus the external pa-
rameters do not change the structure of the flow equa-
tions. For the case of vacuum, l2(k) = k
3/(6pi2), it
FIG. 2. Diagram of the infrared flow for the four-fermion
couplings at vacuum, which is shown by the vector fields (β+,
β−) in Eqs. (28) (29) in the plane of λ∗+ and λ
∗
−. The fixed
points in the plane are labelled by the red stars, and the black
solid lines with arrows denote three specific flow lines, see text
for more details.
is more convenient to introduce the dimensionless cou-
plings, i.e.,
λ∗+ = k
2λ+ and λ
∗
− = k
2λ− , (26)
whose flow equations are readily obtained as
∂tλ
∗
+ = −β+ and ∂tλ∗− = −β− , (27)
with
β+ =
1
6pi2
[
2(NcNf + 1)λ
∗
+λ
∗
− + 3(λ
∗
+)
2
]− 2λ∗+ , (28)
β− =
1
6pi2
[
(NcNf − 1)(λ∗−)2 +NcNf (λ∗+)2
]− 2λ∗− .
(29)
The vector field (β+, β−), flowing toward the infrared
(IR) in the plane of λ∗+ and λ
∗
−, is plotted in Fig. 2. Ap-
parently, there are four fixed points in the flow diagram,
which are labelled by red stars. Of these points, the one
at the origin, i.e. point O with λ∗+ = λ
∗
− = 0, is the IR
fixed point, while the other three belong to the kind of
UV ones, and their coordinates (λ∗+, λ
∗
−) are given by
A =
(
12(3 +NcNf )pi
2
9 + 5NcNf + 2N2cN
2
f
,
12NcNfpi
2
9 + 5NcNf + 2N2cN
2
f
)
,
B =
(
0,
12pi2
NcNf − 1
)
,
C =
(
− 12pi
2
2NcNf − 1 ,
12pi2
2NcNf − 1
)
. (30)
5Drawing a straight line across both the IR fixed point O
and any one of the UV points, say point A, one obtains
a specific line of renormalization flow OA. A system, ini-
tially located on the line, won’t flow away from it forever.
This is quite obvious for line OB from Eqs. (17) (18) with
λ+ = 0. It can be easily checked that this also holds for
lines OA and OC. For OA, performing the following
rotation: (
λ′+
λ′−
)
=
(
cos θ sin θ
− sin θ cos θ
)(
λ+
λ−
)
, (31)
with
cos θ =
NcNf + 3√
(NcNf )2 + (NcNf + 3)2
,
sin θ =
NcNf√
(NcNf )2 + (NcNf + 3)2
. (32)
one arrives at
∂tλ
′
+ =−
[
(2N2cN
2
f + 5NcNf + 9)λ
′
+
2
+ 2(NcNf + 3)
× λ′+λ′− − 3NcNfλ′−2
] l2
k
× 1√
(NcNf )2 + (NcNf + 3)2
, (33)
∂tλ
′
− =− λ′−
[− 4NcNfλ′+ + (2N2cN2f + 2NcNf − 3)λ′−]
× l2
k
1√
(NcNf )2 + (NcNf + 3)2
. (34)
line OA just corresponds to the solutions in the equations
above with λ′− = 0, and the two equations are reduced
to a single one as follows
∂tλ
′
+ =− c
l2
k
λ′+
2
, (35)
with
c =
(2N2cN
2
f + 5NcNf + 9)√
(NcNf )2 + (NcNf + 3)2
' 10.3 . (36)
In the same way, this property also applies to line OC.
In summary, the two entangled flow equations for the
V − A and V + A couplings are decomposed into a sim-
ple single flow equation, when the system is located on a
straight line which connects the IR and UV fixed points.
Properties of the flow equation on these lines and its
solutions, at vacuum and at finite T or/and B, have
been studied in detail in [26], and all results there can
be directly applied to the reduced flow equation in this
work. Taking Eq. (35) for example, only when the cou-
pling strength λ′Λ+ at the initial UV evolution scale Λ at
vacuum fulfills
Λ2λ′Λ+ ≥
12pi2
c
, (37)
2520151050
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ln
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FIG. 3. Magnitude of the flow vector (β+, β−) in
Eqs. (28) (29), plotted in ln(1 + |β|) as a function of λ∗+ and
λ∗−.
one has the spontaneous chiral symmetry breaking. As
shown in Fig. 2, line OA is divided into two parts by
point A, and the condition in Eq. (37) just corresponds
to the case that, at k = Λ, the system is located at point
A or on the higher part of line OA, which flows away
from the IR fixed point O. Apparently, systems on the
other sector of line OA all flow toward the IR fixed point
O and there are no spontaneous chiral symmetry break-
ing. Similar analysis is also applicable to lines OB and
OC. It is straightforward to extend our analysis to the
whole plane of λ∗+ and λ
∗
−. We have depicted schemati-
cally two gray lines crossing the three UV fixed points in
Fig. 2, separating the plane into two regions, of which the
above one is that of spontaneous chiral symmetry break-
ing, while that below has no chiral symmetry breaking.
One should note that the strength of flow is dependent
on the route where it goes. As for the three specific lines
OA, OB and OC, they have a different coefficient c in
their respective flow equations as in Eq. (35); further-
more, the dependence of the flow strength on routes can
also be found in Fig. 3, where the magnitude of the vec-
tor (β+, β−) in Eqs. (28) (29), i.e., |β| =
√
β2+ + β
2− is
shown in the plane of λ∗+ and λ
∗
−. Here we have used
ln(1 + |β|) instead of |β| directly for the convenience of
plotting. A pronounced dependence of the flow strength
on the route and direction is observed in this figure.
Moreover, the spontaneously broken chiral symmetry
at vacuum can be restored at finite T , and the corre-
sponding critical temperature is known from [26] as
Tc =
(
Λ2
pi2
− 12
λ′Λ+c
) 1
2
, (38)
with line OA for instance. Although one could not obtain
a set of equations similar with Eqs. (27) through (29) at
6T
c
[Λ
]
0.05
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FIG. 4. Critical temperature for the chiral phase transition
Tc in unit of the initial UV renormalization group scale Λ, as
a function of the angle θΛ with λΛΛ
2 = 25. Quantities θΛ and
λΛ are defined in Eq. (39). Calculations for several values of
the magnetic field eB in unit of Λ2 are compared.
finite T , it can be still regarded that the three UV fixed
points in Fig. 2 move effectively along the three straight
line respectively, all in directions away from the IR fixed
point O.
When the external magnetic field B is nonzero and
T = 0, It is found in [26] that there is always a chiral
symmetry breaking in the lowest-Landau level approxi-
mation, no matter how small the coupling is, because of
the dimensional reduction. This is the magnetic catalysis
of the chiral symmetry breaking. This conclusion for a
fermionic system with one coupling is still valid in our
case, and the three UV fixed points in Fig. 2 move to-
ward, and coincide at the origin O point, when B 6= 0
and T = 0 in the lowest-Landau level approximation. In
the same way, whenB 6= 0, T 6= 0 and beyond the lowest-
Landau level approximation, the three UV fixed points
A, B and C are not at the origin point O any more, but
they all move toward O with the increase of the mag-
netic field, indicating that the region of chiral symmetry
breaking above the gray line in Fig. 2 is enlarged, which
is also an appearance of the magnetic catalysis.
Given a set of four-fermion couplings at the initial UV
evolution scale Λ, i.e., λΛ+ and λΛ−, the flow equations
in (17) and (18) can be solved numerically. In order to
investigate the dependence of the flow on the route and
direction, we parametrize λΛ+ and λΛ− as follow
λΛ+ = λΛ cos θΛ, λΛ− = λΛ sin θΛ . (39)
In Fig. 4 we show the dependence of Tc, the critical tem-
perature for the chiral phase transition, on the direction
in the plane as depicted in Fig. 2, which is represented by
the angle θΛ defined above. Here we choose λΛΛ
2 = 25
which guarantees that there is always a chiral symme-
try breaking with θΛ ∈ [0 , pi], as shown apparently in
Fig. 2. Furthermore, calculated results for several differ-
ent values of the magnetic field strength are compared,
and the chemical potential is assumed to be vanishing.
One can easily find that curves in Fig. 4 have a quite ob-
vious feature that the shape of these curves looks like a
deformed letter “M”. The two directions relevant to the
two peaks in Fig. 4 are almost collinear to lines OA and
OC in Fig. 2, respectively. This is reasonable and can
be anticipated, because one can observe in Fig. 3 that
the flow strength obtains its maximum in these two di-
rections. Comparing OA and OC, we can find that OA
is the direction, which breaks the chiral symmetry most
effectively. In contrast, values of the critical temperature
are relatively small in the directions with θΛ = 0, pi/2
and pi. Moreover, the dependence of the critical temper-
ature on the magnetic field strength is also investigated
in Fig. 4, and we find that Tc increases with the increas-
ing eB, which is a feature of the magnetic catalysis of
the spontaneous chiral symmetry breaking.
IV. SUMMARY AND CONCLUSIONS
In this work we have studied the chiral symmetry and
its spontaneous breaking at finite temperature and in an
extremely strong external magnetic field, in a model with
four-fermion interactions of V + A and V − A channels,
with V and A denoting vector and axial vector respec-
tively. The V + A channel is related to the usually em-
ployed σ-pi one through the Fierz transformation, while
V − A channel is orthogonal to V + A. Quantum and
thermal fluctuations are encoded within the functional
renormalization group approach, and a set of flow equa-
tions for the couplings of V +A and V −A channels, i.e.,
Eqs. (17) and (18) is obtained.
There are one infrared and three ultraviolet fixed
points in the flow diagram in terms of dimensionless cou-
plings at vacuum. Three straight flow lines connect the
three UV fixed points with the IR one, respectively. In-
clusion of external parameters, such as the temperature
and the magnetic field and so on, only moves the three
UV fixed points on their respective flow lines, while the
directions of the three straight flow lines are not changed.
This is because external parameters enter into flow equa-
tions (17) and (18) only through the threshold function
l2, and the ratio between Eq. (17) and (18) is indepen-
dent of l2. In another word, external parameters do not
modify the structure of the flow equations.
Furthermore, we have found that the flow strength is
significantly dependent on the route and direction in the
plane of couplings of different channels, which results in
that the critical temperature Tc for the chiral phase tran-
sition has a pronounced dependence on the direction as
shown in Fig. 4. In the specific model used in this work,
OA in Fig. 2 is found to be the direction, which breaks
the chiral symmetry most effectively.
We also find that the magnetic catalysis effect, i.e., the
critical temperature increases with the increasing mag-
7netic field. Note, however, that this conclusion is based
on the implicit assumption that all the initial UV cou-
plings are fixed when the magnetic field strength is in-
creased. This is obviously not true, once other dynam-
ical degrees of freedom, such as the gluonic fields, are
included, as done in [17, 18]. Considering the quite obvi-
ous dependence of the flow strength on the direction and
route, it is very interesting to extend our work to include
the gluonic fluctuations, which will give more information
about the magnetic catalysis or inverse magnetic cataly-
sis. Furthermore, we noticed interestedly that J. Braun
et al. have found that the inclusion of Fierz-complete
four-fermion interactions has a significant impact on the
QCD phase structure [46], when we are very close to the
accomplishment of this work.
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